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THE TWO OBSTACLE PROBLEM 
FOR THE PARABOLIC BIHARMONIC EQUATION 

M. NOVAGA AND S. OKABE 


Abstract. We consider a two obstacle problem for the parabolic biharmonic equation 
in a bounded domain. We prove long time existence of solutions via an implicit time 
discretization scheme, and we investigate the regularity properties of solutions. 


1. Introduction 

The present paper is devoted to discussing a two obstacle problem for the parabolic bi¬ 
harmonic equation. The obstacle problem for second order elliptic and parabolic equations 
has attracted a great interest in the past years, and there is an extensive mathematical 
literature (e.g., see [7] and the references therein). On the contrary, much less is known 
on the obstacle problem for higher order elliptic or parabolic equations. 

The biharmonic operator can be regarded as a prototype fourth order differential op¬ 
erator. Indeed, elliptic and parabolic PDEs for biharmonic operator are under intensive 
investigation in recent years (see for example 0 cni El DSl El [IS DLSl [IZ] ). Although the 
obstacle problem for the biharmonic equation has been studied in the 1970s and 1980s 
(see [21 El El El El E]), some results on the obstacle problem for the corresponding para¬ 
bolic equation have only been obtained very recently. In particular, in [20] we considered 
the case of a single obstacle, i.e., the solution u satishes m > / in for a given obstacle 
function / in a domain and it is natural to ask whether the results can be extended 
to the case of two obstacles. Indeed, in this paper we prove the existence of solutions for 
the two obstacle problem, and we investigate their regularity properties. 

Let fl C M'^, with A < 3, be a bounded domain with dQ G Let f : Q ^ M. and 
—)■ M denote the obstacle functions satisfying 


(1.1) 


g e C''^(fl), f <g in 

0, 

(1.2) 

/ < 0 < on d^l. 


We consider a two obstacle problem of the type 



{dtu -b A^m)(m — /) < 0 

in Ox M_|_, 



{dtu -b A^u){u — g) < 0 

in Ox M_|_, 


(P) < 

dtu -b A^u = 0 

in { (x, t) G 0 X M+ 

f{x) < u{x,t) < g{x) }, 

v-*- / 

f <u<g 

in Ox M_|_, 



u = Vu - 1 /^ = 0 

on 90 X M+, 



^m(-,0) = Mo(-) 

in 0, 
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where denotes the unit normal vector on dQ, and the initial datum mq • ^ M satisfies 

(1.3) Uq e f <Uo<g in Q. 

Here we define a weak solution of dP]). To this aim, we set 

(1.4) JC:={ue L2(0, T; H^{n)) n T; L'^{n)) \ u{x, 0) = «o(a:) a.e. in 

f{x) < u{x, t) < g{x) a.e. in hi x ( 0, T) }. 

Definition 1.1. ITe say that a function u is a weak solution of O if 

(i) u e IC] 

(ii) for any w E 1C, 


(1.6) 



[dtu{w — u) + AuA{w — u)] dxdt > 0 . 


0 Jn 


Let us denote by flo the coincidence set of / and g, i.e., 
(1.6) fio = { a; e I f{x) = g{x) }. 

The main result of this paper is the following: 


Theorem 1.1. Let N < 3. Let f and g satisfy fll.ll) - fll.2p . Then, for any initial datum 
Uq satisfying fll.3p . the problem ([P]) possesses a unique weak solution 

(1.7) u e L°°(M+; H^{Cl)) n H\R+; L^Cl)). 


Moreover the quantity qit ■= dtu{-,t) + A^u{-,t) defines a signed measure in 12 for a.e. 
t G M+, and for any T > 0 there exists a constant C > 3 such that 

( 1 . 8 ) r fa,infdt<C + T\\A^f\\l^^^^y 

Jo 

Furthermore the following regularity properties hold: 

(i) u G L^(M+; hP^’°°(12)). In particular, if N = 1, 


(1.9) u G C°’^(R+; C'^’'’'(12)) with 0 < 7 < - and 0 < ft < - 

2 8 

if Ne {2,3}, 

(1.10) u G C'°’^(M+; C'°’^(12)) with 0 < 7 < —-— and 0 < /3 < - - - 

2 8 

(ii) the signed measure fit satisfies 
(1-11) /iiLoo=AV, 

(1.12) snppiat[n\noC {{x,t) E {Cl\no) xR+\u{x,t) = f{x) or u{x,t) = g{x)} , 
with 


(1.13) 



in { (x, t) E {Cl\ 12o) X M+ | u{x, t) = /(x) }, 
in { (x, f) G (12 \ 12o) X M+ | u{x, t) = g{x) }. 


In particular, u satisfies o in the sense of distributions. 
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The restriction on the dimension < 3 in Theorem II. II has two motivations. The hrst 
is related to the continnity of the approximate solntions. We constrnct the solution of 
(iPjl as a suitable limit of solutions of the obstacle problem for the corresponding elliptic 
equation, which is a biharmonic equation with a lower order perturbation. Here a difficulty 
arises from the presence of the set Hq- To overcome this difficulty, first we construct the 
solution of the two obstacle problem replaced / with f — e, for e > 0. If the solution Ue of 
the modified two obstacle problem is uniformly continuos with respect to £ in hi, then one 
can obtain a solution of the original obstacle problem as a limit of Us as e I 0. Thus the 
point is to obtain the uniform continuity of Ug, and this is given by Sobolev’s embedding 
if < 3. For the same reason, the two obstacle problem for the elliptic biharmonic 
equation was studied in [S] under the same assumption N <3. 

Even if Hq = 0) we still need the restriction on the dimension in order to prove the 
regularity of the approximate solutions. Here the difficulty proving the continuity of the 
discrete velocities, which converge to dtu. Again, such continuity can be obtained from 
Sobolev’s embedding if A^ < 3. 

We note that Theorem 11.11 can be extended to the problem ([P|) replaced Neumann 
boundary condition by Navier boundary condition, i.e., u = Au = 0 on dfl. Indeed, 
replacing Fl we onbain the same conclusion as Theorem ll.il 

The paper is organized as follows: We shall construct the solution of ([P]) by way of an 
implicit time discretization so called minimizing movements, which was given by De Giorgi 
(e.g., see m)- We give a formulation via minimizing movement in Section [2l In Section 
[3l we construct an approximate solution of the problem ([P]) and investigate its regularity. 
In Section HI we prove Theorem 11.11 Indeed, we first prove that the approximate solution 
converges to a function in a suitable sense. And then we observe that the limit is the 
required solution of (iPj) . 


2. Notation 


We first note that the problem ([P]) is the L^-gradient flow for the functional 
(2.1) E{u) '■= - [ |A-u(a;)|^ dx 

2 JQ 

with constraint u E K,. Let T > 0 and n G N, and set = T/n. We define a sequence 
{ui,n}^=Q inductively. To begin with, we let Mo,n := Wo- Let us denote by Ui^n the minimizer 
of the problem 

min{ Gi^ri{u) \ uE K] 

with 


( 2 . 2 ) 

where 

(2.3) 

The set K is given by 


Gi^niu) := E{u) + Pi^niu) 





- Ui-i^n{x)Y dx. 


( 2 . 4 ) 


K = {u E Hl{Vt) \ f < u < g in H }. 
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Let US set 
(2.5) 






Tn 


Definition 2.1. Let us define Un{x,t) : 12 x [0,T] —)■ M as 

(2.6) Unix, t) = Ui_i^nix) + (t - (i - l)r„)V),„(x) 

in Q X [ (i — l)r„, ] for each i = 1, 2, ■ ■ ■, n. 

Definition 2.2. Let us define Unix, t) : 12 x ( 0, T] —)■ R and Vnix, 2) : 12 x ( 0, T] —)■ R as 

(2.7) Unix,t) = Ui^nix), 

(2.8) Vnix,t) =Vi^nix), 
in fl X Hi — l)'Di, iTn ] for each i = 1, 2, ■ ■ ■, n. 

3. Existence of approximate solution 


To begin with, we show the existence of the solution of 

Theorem 3.1. Let f and g satisfy fll.ip - fll.2p . Let uq satisfy fll.3l) . Then there exists a 
unique minimizer of [Mi^n)- 

Proof. Let {uj} C iL be a minimizing sequence for the functional 02.21) . Since 

0 ^ ipf f7i,n(l^) ^ l,n) T/(^i—l,n)) 

we may assume {uj} that sup^gj^Gi,n(Mj) < 00 . Recalling that ||Au||l 2 (q) is equivalent to 
Ikllirg(o) -^o(^)) deduce that {uj} is uniformly bounded in HHPL), and then there 
exists u G such that 

(3.1) Uj u in 27^(12), 

in particular, 

(3.2) Auj Au in L^(12), 

up to a subsequence. Since 03.ip implies that Uj uniformly converges to u in 12 up to a 
subsequence, we have / < u < in 12. It follows from Fatou’s Lemma that 


Pi,nH) < hmini Pi^Uj). 

j^oo 


Moreover we infer from 03.21) that 


Eiu) < liminf Eiuj). 

j^oo 


The uniqueness of the minimizer of (Mi^n) follows from the convexity of Gi^n- 
Set 

(3.3) ffix) = fix) - e. 


□ 


We denote by (Mf„) the problem [Mi^n) replaced / by f^. The proof of Theorem 13.11 
implies that the problem iMfH) has a unique minimizer From now on, let us set 

(3.4) VH = 


Moreover let Vfi denote the piecewise constant interpolation of Vfn- 
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Lemma 3.1. uniformly converges to Ui^n inVt as e —)■ 0. 

Proof. By the fact that ||Mf^„||H 2 (Q) < C, for any sequence {Sm} with t 0 as m —)■ oo, 
there exist {Sm'} C {Sm} and Ui^n G Hq{Q) such that 

(3.5) ^ Ui^ri weakly in as m' —)■ oo, 

in particular, 

(3.6) ^Ui,n weakly in L^(f2) as m' —>■ oo. 

Since N <3, Sobolev’s embedding theorem implies that uniformly converges to Ui^n 
as e 0. Recalling that the solution of satishes 


- uffi) + Vff:' {w - )] dx>0 for any w E , 


we deduce from (I3.5p - (l3.6p that 

/ [AUi^n^{w - Ui^n) + %n{w - Ui^n)] dx 

Jn 

> liminf / lAu^’^A{w — uftf) + Vftf'{w — uftf)] dx > 0 for any w E K, 

where we used the fact K C • Moreover it follows from the uniqueness of the solution 
of that Ui^ri = Ui,n- □ 


Along the same lines as in the proof of Theorem 2.2 in [20], we obtain the following 
uniform estimates: 

Proposition 3.1. Let ^ be the solution of Then, for any n eN, 

(3.7) [ [ Vf{x,tY dxdt <2E{uo), 

Jo Jn 

(3.8) sup \\AulJl 2 ^^) < 2E{uo). 

i 

Since N < 3, combining Proposition 13.11 with Sobolev’s embedding theorem, we have 


(3.9) 


is uniformly continuous in 12, with modulus of continuity 
independent of £, i, and n. 


Set 


C-i,n = { a: e fl I ul^{x) = feix) }, 

C'fn = {a: e fl I ul^{x) =gix)}. 

By the fact that fe<gm 12, we observe from (13.91) that the sets and Cf~ are disjoint. 
Here we set 


Tin 


= 




£ 

i,n' 
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In the following, we show that /if „ is a signed measure in hi. To this aim, let us define 


A2 


if A<0, 

7p(A) := { p 

0 if A > 0, 

/5p(A) :=7;(A), 

for each p > 0. Regarding the following minimization problem 

with 

:= 

we show the following: 


min Gf^{v) 

vGH^iU) 


In 


ilrA.,- ' 


(An) + —{v-ul_^ ) +'jpiv - f,) + jp{g - v) 
Zt, 


dx, 


Proposition 3.2. The problem has a unique solution with 


(3.10) 


e.p 

W- 

^i.n 


Uz 


weakly in H'^iVt) as p 0. 


Proof. By a standard argument, we deduce that the problem (Mf ’f) has a unique solution 
wff satisfying 




e,p 


n 


- fe) - /3p{g - <n) = 0 in f] 


in the classical sense. Since it follows from the minimality of wff that 

(3.11) = E{uU,n), 

we observe from Proposition 13.11 that 

(3.12) l|A<n1li2(o) < muo), 

1 


2t„, 


Fi n - « 


2 —l,n 


Il2(q) < E{uo), 


(3.13) 
and 

(3.14) max{ \\{wfP - /e)"||i 2 (o), ||(^ - wf^n)~\\h{n) } < pE{uo). 

The inequality fl3.12p yields that there exist a sequence {pm} with p^ —t 0 as m cx) 
and a function u G Hq^Q) such that 

(3.15) weakly in 
in particular, 

(3.16) F^fn"* 

as Pm —t 0. Recalling fl3.14p and fl3.16p . we deduce from Chebyshev’s inequality that 
f£^u<gmQ. This implies u G K^. 

We claim that u is a minimizer of (M?„). Indeed, for any v G K^, it holds that 

(3.17) Gl^{v) = Gf;r(n) > > Gf,J<r). 

Recalling fl3.15p - fl3.16p and letting p^ —t 0 in fl3.17p . we infer that 


Gl^iv) > liminf Gf 

pmiO 


) = Gt 


[u 
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This implies that m is a minimizer of Then it follows from the uniqueness of the 

solutions to {Mf^) that u = We thus completed the proof. 


□ 


Theorem 3.2. Let £ > 0 and i G ,n}. Then the quantity /if„ is a signed 

measure in hi with 


>0 zn ci ’;^, 
< 0 


z,n 

in Cf~ 


i,n 


(3-18) supp C U 

Moreover there exists a positive constant C > 0 independent of e and n such that 

n 

(3.19) 


2=1 


Proof. To begin with, we shall verify that the quantity 

defines a signed measure in hi. Let us set 

/+ = { a; e I < f,{x) }, /■ = { X e I > g{x) }. 

It follows from ftp < 0 that 

f>o in 

^ = -ftpiwt’f - h) + ^{g - O =0 in 12 \ (J+ U J-), 


Tn 


in In 1 


i.e., jaffl dehnes a signed measure in 12. 

We claim that the measure jjf’f converges to /if^ as p 1 0 up to a subsequence. Indeed, 
we shall show that, for each £, z, and rz, the quantity ijf'fiU) is uniformly bounded with 
respect to p for any U G<Z Ll. From now on, we write pff = vf — vf, where v’f are 
positive measures with their support in /^, respectively. For any p G C'“(12) with p = 1 
in U and 0 < < 1 elsewhere, we observe that 


^±iU) < / pdvf = ± ^uj-’f^p + —(w- 


'u 




dx 


< E{wff)-^E{p)-^ + 


dx 


1(7 L r, 

V Ly \2r„ Jq 

Since it follows from fl3.1ip that 

JQ 

we observe from (I3.12p and (13.201) that 


dx 


«n - dx < ^(Zi•_!,„) - 


(3.21) 


uf{U) < C{U) E{uo)2 + 


Tn 


Thus there exist a sequence {pm'} C {pm} and measures p± such that 


(3.22) 


.Pm> 


p± as m —)■ oo, 
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i.e., for any ( G 


C,dv'^' —)■ / C,d^J^± as m' —)■ oo, 


where {pm} is the sequence obtained in the proof of Proposition 13.21 Since Proposition 
13.21 asserts that 


/ = ± / 

Iq Jn 




dx 


-t ± / [AuI^AC + dx for any C G as m'^ oo, 

Jn 

the relation fl3.22p implies p± = respectively. We claim that 


(3.23) supp p+ C , supp /r_ C Cf „ . 

It is sufficient to show the former relation. Let a:o ^ ^ \ be chosen arbitrarily. Then 
there exist a neighborhood W of Xq and a constant 5 > 0 such that 


u. 


[nix) - fe{x) >6 in Wen. 


Since uniformly converges to as m' ^ oo, there exists a constant M > 0 such 

that for any m' > M 


I ^iPm' 
\w- 

^i.n 


<„1 < - in W. 


Thus we deduce that, for any m' > M, 


w. 




(x) - fe{x) > {ul^ - fe{x)) - 


W. 


£>Pm' 


^ 2’ 


i.e., W e n\I^ ^ for any m' > M. Hence we see that for any ( G C^iW) 


/ C dp+ = lim / (du^ = 0. 

Jn ^'^°°Jn 

This is equivalent to the former relation in fl3.23p . Recalling that and are disjoint 
set, we observe that /if „ is a signed measure satisfying fl3.18p . 

We turn to the proof of fl3.19l) . For any f/ CC H, it follows from fl3.2ip that 


^J‘ln < d-ln[e’+ < C{U)E{uo )2 + C{U) lim inf 

Pm'iO 


E{uU^J-E{wl;:-') u 


Tn 


= C{U)E{uo)-^ + C{U) 


^(wf-i,n) - EiulJ \ h 


and 


fj-ln > > -C{U)E{uq)^ - C(U) lim inf 

Pm40 


E{uU,n)-Eiwl!:-') x| 


Tn 


= -C{U)E{u^)-^-C{U) 


- ^Kn) 
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Multiplying and summing over z = 0, 1, • • •, n, we find 

n 

(3.24) < C'{U)E{u^)T + C'{U){E{uo)-E{un,n)) < C{U){T + l)E{u^). 

i=0 

It follows from the condition fll.2p that there exists a constant 5* > 0 such that 

> 6 .. 

Thus it follows from fl3.18p that supp /if „ C ^^ 5 ^/ 2 , where flp := {a: G | dist(a;, dfl) > p}. 
Letting U = ^ 5 ^/ 2 , we obtain the conclusion. □ 


We shall now prove the regularity of uf „ in ff. In the following, for each h G 
we denote by the solution of 

-Aiu = h in 
in = 0 on dfl. 

We start with the following lemma: 

Lemma 3.2. For each e > 0, n G N, and i G {1, • • • ,?i}, there exists a function 
satisfying the following: 

(a) <n = m ft] 

(b) is upper semicontinuous in . On the other hand, is lower semicon- 

tinuous in fl\ ; 

(c) for any tq G 12 \ Cf~ and any sequence of balls Bp{xo) G fl \ C^’~, it holds that 


\Bp{xo)\ 


'Bp{xo) 


Indxfvl^ixo) as pfo. 


On the other hand, for any xi G and any sequence of balls Bp{xi) C fl\Cl 

we have 


£■,+ 
n ^ 


|2?p(a:i)| J Bp{xi) 


vlndxf vl^{xi) as p; 0 . 


-' 1,71 


Proof. Let us set 


v-:::ix) = 


\Bp{,x)\ Jbp(x) 


[AulM + A-^V^y)] dy. 


If iif„ G C'°°(f 2 ), then Green’s formula yields that for each xq G G 

1 r 


( 3 . 26 ) + A-'VfJx„) = 


[A<„ + A-V/J dS 


\dBp{xo)\ JdBpixo) 

+ W,nix)] Gp{x - Xo) dx, 


'Bp Go) 
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where Gp is Green’s function defined by 


(3.26) 


G'p(r) = 


1 1 P 

271 r 

1 


N{N-2)u:{N) 


yN-2 _ pN-2^ 


if iV = 1, 
if iV = 2, 
if N >3. 


We note that uj{N) denotes the volume of unit ball in . Thanks to 03.181) and the fact 
that Gp' > Gp if p' > p, we observe from 03.25P that 

(3-27) v-;^{xo) < v-;^\xo) if p < p' and 5p/(xo) C G \ C-;„" 

and 

(3-28) <n(^o) > <n (a^o) if P<p' and Bp,{xo) C 

For general G Hq{Q), making use of the molification of Auf^ + we are able 

to verify fl3.27p and 03.281) . Hence it follws from 03.27P and 03.28P that 



e.p 

F’n 

{X) i <n 

(X) 

as 

p;o 

in G 


and 









^i,n ' 


(x) 

as 

pfO 

in G 


for some 

functions and 







Since 

is continuous in G, setting 







nix) = 1 

<n' 

(x) 

if X 

G G \ 



V- 

'i’y 


(x) 

if X 

G G \ 

1 


we deduce that is upper semicontinuous in G \ , and is lower semicontinuous in 

G \ C^n- Recalling that G we see that 

W’n ^ as p I 0 a.e. in Q. 

Therefore we conclude that = Au^^^ + a.e. in G. □ 


Lemma 3.3. For any Xq G , it holds that 

(3.29) vl^{xo) - A-^V^^^{xo) > Af{xo). 


On the other hand, for any Xi G , we have 

(3.30) - A-^Vf^{xi) < Ag{xi). 

Proof. Since the proof of 03.29P is similar to the proof of Lemma 3.3 in [20], we shall 
prove the latter assertion. Let Xi G C^’~. Since and C^’~ are disjoint, it holds that 
C^’~ C G \ C^’^. Then there exists a sequence {ym} C G \ with ym ^ xi as m ^ oo 
such that 


( 3 . 31 ) 


^i,n{ym) Pidlm) T 0- 
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For each ym, let p be small enough such that -Bp,™, := { 1/ G | \y — ym\ < p} C . 

It follows from Green’s formula that 

(3-32) ulniym) = T^ — if uldS-[ AulJy)Gp{ym-y)dy 


\dBp, 


ml JdBn 


'Bo 


and 

(3.33) 


9{ym) = 


——I / gdS- Ag{y)Gp{ym-y)dy, 

|C'-Dp,m| JaBp,m J B„,m 


Since wf „ < in G, we infer from fl3.3ip - fl3.33p that 

lim inf [ [Ag{y) - Aul (y)] Gp{ym - y) dy > 0. 

m^oo Id 

B>p,m 

Thanks to Lemma 13.21 the relation is reduced to 

(3.34) lim inf [ [Ag{y) - vl^{y) + A“ V4(i/)] Gp{ym - y) dy > 0. 


'B 


p,m 

2 / 


Recalling that Vf^ G iLQ(G), we observe from the elliptic regularity, e.g., see [IH], that 
G iL'^(f2). We note that Sobolev’s embedding theorem implies that A~^Vf^^ is 
continuous in G provided N < 7. Since is lower semicontinuous in G \ C^’^, there 
exists a point i/m,p G Bp„i such that the maxmum of Agipy) — vl^ipy) + A~^V^^{y) in Bp^^a 
attains at 1 / = ym,p- Hence it follows from fl3.34p that there exists a sequence with 
i 0 as m —)■ 00 such that 

^9{ym,p) '''i,n{ym,p) + A (l/»Ti,p) A ^m- 

As m —)■ 00 , ym,p converges to a point i/p G { 1 / G | \y — Xi\ < p} up to a subsequence, 
for the sequence {ym,p} is bounded. Thanks to the lower semicontinuity of we hnd 

^9{yp) - <n(2/p) + ^~^V",niyp) > 0 

for any p > 0 small enough. Letting p 0 and making use of the lower semicontinuity of 
vf^, we conclude fl3.30p . 


□ 


Lemma 3.4. For each e > 0, n E N, and i = 1,... ,n, it holds that Auf^ G 
Moreover, there exists a positive constant G independent of e, n, and i, such that 

(3.35) IIAuf< GE{uo)^ + ||V)^„||l 2 (q) + max{||A/e||Loo(Q), ||Ap||i;,oo(Q)} 

'^«-l,n) -^Kn)' 


G 




Proof. Let us set 

(3.36) t/^„:=<„ + (A2)-V4, 

where (A^)“^V)^^ denotes the unique solution of 

f A‘^w = 1/4 in n, 

= 0 , Aw = 0 , on dil. 

Fix xo G G arbitrarily. Let Bp denote the ball center xq and the radius p. For any R > 0 
with Bfi C G, let ( G Gf°{Bpi) be a test function with ^ = 1 in B 2 R/ 3 , 0 < C A 1 
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elsewhere. By the same argument as in the proof of Lemma 3.4 in [20], we see that for 
any x E Bri 2 


(3.37) 

with 

and 


<n(^) = - / Gr{x- y)dfil^{y) - h{x) + a{x) 


fB 


R/2 


Ii{x) := 


ID 


C{y)Gn{x-y)A^UlMdy. 


R/2 


\a{x)\ < Ci\\AUIJl 2 ^^) in Br/ 2 . 

Here Gr is Green’s function given by fl3.26p with p = R. We note that for any x E 


|/i(a;)| < G \Pi^n\ (-^H/2) < G2E{uo)^ + G3 


Tn 


where the constants G 2 and G3 are independent of £ and n. Set 


Gr{x) — 


GR{x-y)dp!lJy). 


' B 


R/2 


Thanks to Lemma 13.31 we observe from 03.371) that 

Gr{x) = -vl^{x) - h{x) + a{x) < -A~W/^{x) - Af^ix) + |/i(x)| + a{x) 


< C'l||^h^i>||L 2 (Q) + G2E{uq)'^ + G 3 


Tn 

£,+ 


+ C'4||Hj(’„||L2(Q) + ||A/£||ioo(Q) in nH/j/3, 


and while 


Gr{x) = -vl^{x) - h{x) + a{x) > -A 174(x) - Ag{x) - |/i(x)| + a(x) 


> —Gill ALT„||£,2 (q) — G 2 E{uq)'^ — G 3 


) - E{ul ) 


Tn 


- <^411 11x2(0) - IIA^fIILOC(Q) in C-’^HBr/s. 

Then, along the same lines as in the proof of Theorems 1.6 and 1.10 of [19], we deduce 
that 


limsup Gr{x) < Gi||At/^„||i,2(n) + G2E{uo)^ + G3 

+ G^WV/nllL^iD) + ll^/elU^CO) 


- E{ulJ 


Tn 


limsup Gr{x) > -Gi||A 17 ';„||i 2 (n) - G2E{uo)^ - G3 


E{ul_^^J - E{ulJ 


Tn 


and 
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Thus the maximal principle implies that 

< C^WAUlJL^n) + 

+ C4\\VfJ\L2(Q) + max{ \\Afe\\L--{n), ||A 5 (||i,oo(f^) } in Br/ 3 . 
Combining (I3.37p with Theorem 13.21 and Lemma 13^ we obtain fl3.35p . □ 

Lemma 3.5. (|9]) Let N <3. Let w G be a non-negative funetion satisfying 

II Aw 11 2,00 < Mq. 

Then there exists a constant M depending only on Mq such that if 

Xo G J := {x G n I w(x) = 0} 



then it holds that 

(3.38) |w(x)| < M|x — xo|^, |Vw(x)| < M|x — xo|, in B{xo,p/2), 

where p = dist(xo, dVl). 

Lemma 3.6. For any x G hi \ U C^’n ), it holds that 

\D^ul^{x)\ < C'(||A<JU.(^) + + IIZ^VIU^(O) + IIAVIIl^(h) 

+ II-D^5'IU°°(h) + II A^5f||2,2(f2)). 

Proof. Since is continuous in hi, we see that 5 := dist(C)^’^ UCf~,dil) > 0. To begin 
with, recall that 

+ Vi,n = 0 in n\ns, 

where = {x G hi | dist(x, dfl) > ^}. By the elliptic regularity theory (i.e., see [H]), we 
deduce from dfl G that 


(3.39) \\AuIJh 2 (q\q,) <C{\\AulJL 2 (Q) + \\VfJ\L 2 (n)) for any 0 < p < 5, 

where the constant C > 0 is independent of i, n and £. Setting u := where 

p G C“(r2 \ n^) with 0 < p < 1 and 


we hnd 


p{x) 


1 in hi \ hl 35 / 4 , 

0 in f]75/8, 


A^u = F{p, uU 

u = d,,u = 0 


pVl 




in hi \ hl 75 / 8 , 
on a(f] \ ^75/8), 


where 

^(^7, <n) := + 2VAp ■ Vul^ + 2A(Vp ■ Vnf^^) + 2ApAul^ + 2Vp ■ VAnf_„. 

Thanks to Theorem 2.20 in [15], we observe from fl3.39p and clhl G that 

|| m || h 4 ( o \ 075 / 8 ) < C{\\F{p,ulJ\\L2(n\n.,s/s) + \\vW,n\\L^{n\nys/s)) 

< C(||Anf^„||i2(Q) + \\Vfn\\L^in))- 
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Since \\ulJm^n\n^s/ 4 ) = l|nb4(n\n3,/4) < ||n||ii 4 (f^\ 07 ,/ 8 ), the estimate implies 

\\D^ulJ\H^^n\n3s/4) ^ C!{\\AuIJ\l2(q) + ||K^nlU2(o)). 

Then it follows from Sobolev’s embedding theorem that 

(3-40) ll-D^ni,nlU°°(D\035/4) < C{\\AulJ\L^(^n) + \\Vf^n\\L^in)), 

where the constant C is independent of i, n, and £. 

Let xo G hl 5/2 \ UC^’~) satisfy dist(xo, UC^’~) < 6. Here we may assume that 

dist(xo,Cf;„+ UC-;~) = dist(xo,C^;”). 

From Lemmas 13.41 and 13.51 there exists a constant C > 0 independent of i, n, and £ such 
that 

(3-41) \iuln-9){x)\ < C\\A{ul^- g)\\Lc.(^n)dist{x,Cln?, 

(3-42) \V{ul^-g){x)\ < C\\A{ul^ - g)\\L^^n)dist{x,C-;~), 

in B{xo,d), where d = dist(xo, We consider 

^d{x) = g){d{x - Xo)) in H(xo,l). 

For the simplicity, we may assume xq = 0. Then it follows from (I3.4ip - fl3.42p that 

kd(a;)| < C'||A(Mf„-^)||icx>(t 2 ), \Vwd{x)\ <C\\A{ul^-g)\\L^^n}, in 5(0,1). 

Since 

A^Wd{x) = —d^V^.^{d{x — Xo)) — d^A^g{d{x — Xq)) in 5(0,1), 

we observe from the same argument as in the derivation of fl3.40p that 

2 

|5^-u;rf(x)| < C(||A-uf,^||i 2 (f^) + ^ ||A* 5 (||x, 2 (q)) in 5(0, |). 

i=l 

Thus it holds that 

(3.43) |5Xn(^)l < ^^(l|A<JU^(o) + WVlJmn) 

+ \\D‘^9\\L--{n) + \\A‘^g\\L 2 (n)) in 5(xo,d/2). 

If dist(xo, UCf’~) = dist(xo, then we obtain fl3.43p replaced g hj f. We thus 
completed the proof. □ 

Theorem 3.3. It holds that G hF^’°°(r2). Moreover, there exists a positive constant 
C independent of e and n such that 

n 

Fi ^ ^ C{E{uo) + ||5^/||2,°o(q) + II A^/||2,2(n) 

i=l 

+ 115^5'11 LOO + II A^5(||l2(o)). 

Proof. Let ej be the unit vector in the direction of the positive xj axis. Fix x G H. For 
|h| G M small enough, we consider the second order differencial quotient 

<n(^ + hcj) + uf^ix - hcj) - 2ul^{x) 

2 h2 


Dlul^ix) 
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If dist(x,) < 4|/i|, then there exists xq G such that 

|a; - xol = dist(a;,Cf;+ U Cf;") < 4|h|. 

We may assume xq G Cl’~ Making use of (I3.4ip . we hud 

\Dl{,ul^- g){x)\ 

C 

^ - ^)IU“(H) [dist(a; + hej,C-^~f + dist(a; - hejXi^nY + dist(a;, 

< C||A(m- „ - fi')||i,<x>(Q). 

On the other hand, if dist(a;, U C^’~) > 4|h|, then we observe from Lemma [3^ that 

\Dlul^{x)\ < \D^.^.ul^{x)\ < C{\\AuIJl2(^^) + + II^VIIl-(o) 

+ II^^/I|l2(q) + ||Zi)^5f||L°o(o) + II A^5(||£,2 (q)), 

where x G i?(x, 2dist(a;, UC^’~)). Consequently we see that, for any a: G O, if |h| is 
small enough, 

^ C'dIA-uf,j||Loo(Q) + ||Id^„||L2(f7) + ||-D^/||loo(q) 

+ ||^^/||l2(q) + ||L)^5f||ioo(f^) + II A^5(||i2(j^)), 

where C > 0 is independent of x and h. Therefore we deduce that 

(3.44) \D^.^.ul^^{x)\ < C(||AMf_„||2,°o(Q) + ||V)('„||l2(q) + ||T)^/||l°°(o) 

+ II^^/I|l 2 (q) + ||T*^5'I|l“(o) + ||'^^5'||L2(n)) in O. 
Combining (13.44^ with Proposition 13.11 and Lemma 13.41 we obtain the conclusion. □ 
Let us set 

(3.45) C+„ = { X G O \ Oo I Ui^n{x) = f{x) }, 

(3.46) = { X G O \ Oo I Ui^n{x) = g{x) }, 
where Oq is dehned in (II.6p . 

Theorem 3.4. As e the signed measure converges to a signed Radon measure 
fii^n in O defined by 




f A^u 

i,n 


in 

\aV 



in 

c c.> 

uc- 

nUOo, 


/ 

> 0 

in 

^2 22 

Ri,n N 

< 0 

in 

c~ 

'^2,22 


and there exists a positive eonstant C > 0 independent of n sueh that 

n 

< <?£(«„)+TilAy||i„,n„,. 


2=1 


(3.47) 
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Proof. To begin with, we shall prove that as £ 0, i.e., 

(3.48) / [Anf dx^ AfAcpdx as e J, 0 for any <^9 e (^“(no)- 


in 

Since it holds that 


\u. 


Ini^) - f{x)\<e in f^o, 


we infer that 


(3.49) 


(^<n - ^/) dx 


< IKn -/llL-(no) / |AV| dx<e |AV| dx. 


On the other hand, from 


\Vfn\ < (Kn - /| + H-l,n “ /|} < 

In. 


^n. 


we have 
(3.50) 


Vi.nP dx 


<1A 

Ti Jn 


dx. 


Then fl3.49p and fl3.50p implies fl3.48p . 

From now on, we write Pi^n[.n\no= ^I’n ~ ^i’n y where are positive measure in fl 
with supp C , respectively. By the proof of Theorem 13.21 there exist measures 
in O such that 

fitn as £; 0, 


i.e., 


Since 


Cdu^’^ -)■ / (dfif^^ for any ( e Cc{fl \ Oq) as £ | 0. 


-± 


in 


Cdiyt’n = ± / + yf,nC] dx^± [AUi^^AC + Vi^nC] dx 


In 


In 


for any G 0^(0 \ Oq) as £ J, 0, it holds that = ±(A^Mj_„ + Vi^n)- We claim that 
(3.51) supp/i+„ C C+„, supp/x“„ C C"„. 

It is sufficient to show the former relation. Let Xq G O \ U Oq)- Then there exist a 
neighborhood W C O \ Oq of xq and a constant 5 > 0 such that 

Ui,n{^) - /(^) > ia W. 

Since uniformly converges to Ui^n, there exists £* > 0 such that for any £ < £* 

\uln{x) - Ui,n{x)\ < - in W. 

Thus, for any e < min{e*, 5/3}, we have 


u, 


,(x) - f,(x) > Ui,n(x) - f(x) - | m -,„( x ) - Ui^n{x) \ - \fe{x) - /(x)| > - in IF, 
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i.e., W cn\ U for £ > 0 small enough. Hence we infer that for any ^ G Cc{W) 

[ (dfttn = 1™ [ = 0- 

Jn Jn 

Therefore the relation fl3.5ip holds. 

Finally we turn to fl3.47p . It follows from the proof of Theorem 13.21 that 
< limmf < C{U)E{uo)^ + C{U) 

£ 4.0 \ Tn 

Moreover it holds that 

n 

i=l 

where the constant C is independent of n. Recalling that sup C U C~^ U Hq; we 
obtain 

n n 

< C-,TE(u„)+C^Y.^E(uU.n) - BK„)} + r||Ay||i„,„., 

i=\ i=\ 

<CE{uo)+T\\A^f\\l^^^,y 

We thus completed the proof. □ 



4. Proof of the main theorem 

In this section, we prove Theorem ll.il First we shall prove the convergence of the piece- 
wise linear interpolation Un of The proof is followed from the uniform estimates 

on {un}- Since the estimates have already obtained by Proposition 13.11 we are able to 
prove the following result along the same lines as in the proof of Theorem 4.1 in [2U] . 

Theorem 4.1. Let Un be the piecewise linear interpolation o /Then there exists a 
function 

u G L“(0, T; Hlin)) n T; 

such that for any T < oo 

Un ^ u in L^(0, T; n i7^(0, T; L^(H)) as n —)■ oo, 

up to a subsequence. Moreover 

n \dtu'\‘ dxdt < 2E{uo), 

I 

f{x) < u{x, t) < g[x) for a; G H and every t E [0, T], and for each a E (0,1/2), it holds 
that 

Un ^ u in C°’"([0, T]; L^(H)) as n ^ oo. 

Next we investigate the regularity of the limit u obtained by Theorem 14.11 The proof 
depends only on the uniform estimate on Un obtained in Theorem l3.31 The same argument 
as in the proof of Theorems 4.2 and 4.3 in [^Uj gives us the following: 
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Theorem 4.2. Let u be the function obtained by Theoreni \4-L Then it holds that 
Un ^ u weakly* in L^(0, T; as n —)■ cx). 

Moreover, if N = 1, 

Un ^ u in C°’^([0, T]; as n —)■ oo 

for every a G ( 0,1/2 ) and [3 G (0,(1 — 2a)/S ), and if N = 2, 3, 

Un ^ u in C°’^([0, T]; (^^’"(ll)) as n ^ oo 

for every 


0 < a <2- 


N 


0 < (3 < 


N 


1 - 


a 


2-N/2 


In order to complete the proof of Theorem 11.11 we make use of the convergence result 
on the piecewise constant interpolation of {ui^n}- 

Lemma 4.1. (|20]) Let Un be the piecewise constant interpolation o/ If N = 1, 

Un ^ u in L°°(0, T; C^’“(r2)) as n ^ oo 
for every a G (0,1/2), where u is the function obtained by Theorem \4.1\ If N = 2, 3, 

Un ^ u in L°°(0, T; C°’“(r2)) as n ^ oo 
for every a G ( 0, 2 — N/2 ). Moreover, for any N > 1, it holds that 
Aun ^ I^u in L^(0, T; L^(r2)) as n —)■ oo. 

We are in a position to complete the proof of Theorem II.1[ Let us dehne 

(4.1) = l^i,n if te {{i-l)Tn,iTn], 
and set 

(4.2) = { {x, t) G (12 \ 12o) X M+ I u{x, t) = f{x) }, 

(4.3) Cg = { (x, f) G (12 \ 12o) X M_|_ | u(x, t) = g{x) }. 

Proof of Theorem 12.21 Let u be the function obtained by Theorem 14.11 To begin with, 
along the same lines as in [20], we see that 

(4.4) / / [dtu{w — u) + AuA{w — m)] dxdt > 0 for any w ^ 1C, 

Jo Jn 

i.e., M is a weak solution of ([P]). Moreover the uniqueness follows from the results in [5]. 
By virtue of Theorem 13.41 we deduce that 

pT n piTn ri 


'0 


PniClfdt = J2 I TU^fdt = TnY^P^A^f < +T||A 2 /||ioc(f,„). 


j = l ■>'(*-l)Tn 


i=l 


Thus, as n ^ oo, 


pin ^ pi weakly in L^(0, T; A4(12)), 


i.e.. 



0 Jn 


(pdpndt^ / / ipdp^dt for any ip E L^{f),T-,C'^{VL)) 

Jo Jn 


as n ^ oo. 
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Since /ii,nLHo= f i we observe from the definition of fin that 

fin{t) \_no= ill [0)^) for any n G N. 

From now on, we set fin[_n\no— ~ with 

^n{t) = if f e ( (f - l)r„, iTn], 

where fif^ and denote respectively the positive part and the negative part of fii^n Lo\Oo • 
Since Theorem 13 41 dednces that 

Jo 

there exist measures fi± such that 

^ JJ± weakly in L^(0, T; A4(r2)) as n —)■ cxo, 
i.e., for any tp G L^(0, T; C^(r2 \ hlo)); 

/ / p>dfi±dt as n ^ oo. 

0 Jn Jo Jn 



On the other hand, it holds that 



0 Jn 


ip du^dt = ± / / [Am„A( p + Vnip] dxdt 


'0 Jn 

rT 


—)■ ± / / [AuAip + dtUip] dxdt as n ^ oo. 

Jo Jn 

Thus we infer that fl± = ±(A^m + dtu). We claim that 
(4.5) supp/i+ C Cf, supp/i_ C Cg. 

We shall prove the former relation. Let xq G O \ (C/ U Oq). Since u is continuous in 
O X M+, there exist an open set PF G Q \ Qq, 0 < ti < t 2 < T , and 5 > 0 such that 

u{x,t) — f{x) > 6 in PFx(fi,f 2 )- 

It follows from Lemma 14.11 that there exists a constant A > 0 such that 


so that 


Un{x,t) — u{x,t) >-- in IFx(fi,f 2 ) for any n>N, 


Un{x,t) — f{x) > - in IFx(ti,f 2 ) for any n>N. 


This means that, for any n > N, 

(4.6) W X (ti, ^2 ) C O \ (Cj|)j U Oo) for each 

Thus we deduce that for any ip G C'c(( ^1,^2); C'^iW)) 


ip dfi+dt = lim f / ipdh'ndt= lim 
' 0 Jn 


'tl 

< i < 

t2 

Jn_ 


_ '^n _ 



0 Jn 




[AUnAip + Vnip] dxdt 


lim y 

r).— f ^ 


^^°°Jo Jn 
[AUi^nAip + Vi^n^] dxdt = 0. 


J(i—i)T„Jn 
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The last equality follows from fl4.6p . This implies the relation fl4.5p . □ 

References 

[1] L. Ambrosio, Minimizing movements, Rend. Accad. Naz. Sci. XL Mem. Mat. Appl. (5) 19 (1995), 
191-246. 

[2] C. Baiocchi, F. Gastaldi and F. Tomarelli, Some existence results on noncoercive variational inequal¬ 
ities, Ann. Sc. Norm. Super. Pisa Cl. Sci. (4) 13 (1986), no.4, 617-659. 

[3] G. Barbatis, Explicit estimates on the fundamental solution of higher-order parabolic equations with 
measurable coefficients, J. Differential Equations 174 (2001), 442-463. 

[4] C. Baiocchi, F. Gastaldi and F. Tomarelli, Some existence results on noncoercive variational inequal¬ 
ities, Ann. Sc. Norm. Super. Pisa Cl. Sci. (4) 13 (1986), no.4, 617-659. 

[5] H. Brezis, Operateurs Maximaux Monotones et Semi-groupes de Contractions dans les Espaces de 
Hilbert, North-Holland, Amsterdam/London, 1973. 

[6] H. Brezis and G. Stampacchia, Remarks on some fourth order variational inequalities, Ann. Sc. 
Norm. Super. Pisa Cl. Sci. 2 (1977), 363-371. 

[7] L. A. Caffarelli, The obstacle problem revisited, Jour. Fourier Anal. Appl. 4 (1998), no. 4-5, 383-402. 

[8] L. A. Caffarelli and A. Friedman, The obstacle problem for the biharmonic operator, Ann. Sc. Norm. 
Super. Pisa Cl. Sci. (4) 6 (1979), 151-184. 

[9] L. A. Caffarelli, A. Friedman and A. Torelli, The two-obstacle problem for the biharmonic operator, 
Pacific J. Math. 103 (1982), no. 2, 325-335. 

[10] G. Caristi and E. Mitidieri, Existence and nonexistence of global solutions of higher-order parabolic 
problems with slow decay initial data, J. Math. Anal. Appl. 279 (2003), 710-722. 

[11] J. W. Cholewa and A. Rodriguez-Bernal, Linear and semilinear higher order parabolic equations in 

Nonlinear Anal. 75 (2012), 194-210. 

[12] J. Frehse, On the regularity of the solution of the biharmonic variational inequality, Manuscripta 
Math. 9 (1973), 91-103. 

[13] F. Gazzola, On the moments of solutions to linear parabolic equations involving the biharmonic 
operator. Discrete Contin. Dyn. Syst. 33 (2013), no. 8, 3583-3597. 

[14] F. Gazzola and H.-C. Grunau, Eventual local positivity for a biharmonic heat equation in R", Discrete 
Contin. Dyn. Syst. Ser. S 1 (2008), no. 1, 83-87. 

[15] F. Gazzola, H.-C. Grunau, G. Sweers, Polyharmonic boundary value problems. Positivity preserving 
and nonlinear higher order elliptic equations in bounded domains, Lecture Notes in Mathematics 
1991 , Springer-Verlag, Berlin, 2010. 

[16] V. A. Galaktionov and P. J. Harwin, Non-uniqueness and global similarity solutions for a higher- 
order semilinear parabolic equation. Nonlinearity 18 (2005), 717-746. 

[17] V. A. Galaktionov and S. 1. Pohozaev, Existence and blow-up for higher-order semilinear parabolic 
equations: majorizing order-preserving operators, Indiana Univ. Math. J. 51 (2002), no. 6, 1321- 
1338. 

[18] D. Gilbarg and N. S. Trudinger, Elliptic Partial Differential Equations of Second Order, Springer, 
1998. 

[19] N. S. Landkof, Foundations of Modern Potential Theory, Springer-Verlag, New York, 1972. 

[20] M. Novaga and S. Okabe, Regularity of the obstacle problem for the parabolic biharmonic equation. 
Math. Ann., to appear. 

[21] B. Schild, On the coincident set in biharmonic variational inequalities with thin obstacle, Ann. Sc. 
Norm. Super. Pisa Cl. Sci. (4) 13 (1986), no.4, 559-616. 

Dipartimento di Matematica, Universita di Pisa, Pisa, Italy 
E-mail address: novaga@dni.unipi.it 

Mathematical Institute, Tohoku University, 980-8578 Sendai, Japan 
E-mail address: okabe@math.tohoku.ac.jp 




